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Year 1 - Roots of polynomials - finding related expressions

Answer ALL questions. Write your answers in the spaces provided.

1. The roots of the equation

=8+ 28x—32=0
are a, f and y

Without solving the equation, find the value of
L

a By
(ii) (o + 2)(B + 2)(y + 2)

(i) a2 + B2 + 72

real(sinq quickl\j that this s a ‘related expfess(ons‘ questwn—hence using

the rools of polynomial equations formulae on the given
S

Sum of . %, =-bja= ~(-8) =&

roots

sum of _ . .
product ~ - 28
Pdu‘s

product = =-(-32)
roolts
of =32
...and use these to solve below -

(i) L ¥ TE'T + L }sum of reciprocals — get common denominator
X ¥

-
-

m———

\
'
o

(i) (x+2)(B+2)(¥ +2) - WAY \:expand the brackets
(B + 204 2p+4) (¥ +2)
= (PY +2xY +2p% +4¥ +20B+ 4+ iB+8)
and try qet fOrmulQO. out
= el +2(2xB)+ 4(20) + 8
= +2(28) +4(8) +3
=32+56+32+8 =129
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NAY 2:treat as ‘linear transformation of roots
let Ww=X+2 =)x=u-2
Subb(ng this into cubic

(1-2)3- 8(w-2)"+28(v-2)-32 20
expand - BINOMI|A L

PuScal § triangle:

(134 302-2) + 3u(-2)"+ 1(-2)"] -8 2- Yo 4] + 28 - §6-32:0

m,'\ U3-6ut+12u-B-But+232u-32+284w-56-32=0
(ollect (ike terms

N3 -4yt 324-12920

Liths isa \sformed. ¢ of which are
+2) -need to evaluate their produtt l
~)(u+z)(a+z)(x+2) -(-12%)
=128

(iit)notice sumof squares-so using memorised of*+p +y’= (s2)*-2(5xB)
OR rearranging

(cc+B+Y) = (ax+B+Y) (o + B +Y)
X +ABHRY + kP +B+BY + Y + BY +§*
= k2+pMy2+2( )
--£0 make a?4p2+¥* the subject,
gy = (20— 2 (5 )
= (8)*-2(2%)
=64-5¢
= 8



e

DO NOT WRITE IN THIS AREA

Question 1 continued

(Total for Question 1 is 8 marks)
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Year 1 Vectors - using scalar product; finding the acute angle
between two planes

2. The plane 77, has vector equation
r.3i—4j+2k)=5
—_—

(a) Find the perpendicular distance from the point (6, 2, 12) to the plane /7,

The plane /7, has vector equation
r=A2i+j+5k)+ uli—j-— 2Kk)
where 4 and u are scalar parameters.

(b) Show that the vector —i — 3j + Kk is perpendicular(to /7,

(c) Show that the acute angle between 17, and /7 is 52° to the nearest degree.

ca) question (s as\«inﬂ us to find the perp-distance from a point 0 a
plane - {irst need  in Cartesian form =) 3x y+ 2-5:=0
WAY 1= using the formula. from formula bookiet
parp- distance of (ox,B,%) from npc+n,y+n,24d=0 is

noiNn,B+n,¥+d |
d = | #z T ot
n2+nt4n,
sd=13% -4 +Z -5 29 rationalise x[29
J(3)1+(.. 4)*+(2)* 29 xJ29

=240 - (39
29

WAY 2 :separating ‘shortest distances'

. e p . . ¥ ' P e the IP\{“,";
first need “shortest distance from origin to plane i.e Ty scalor sroduct

| $oromvlq of 1,
Inl=J(-2)"+ ¥ (r-n=p)

29
next need

e d i

Il
= 6)+2(-4) +12(2) o 50q  18-8+24

= f29 numerate” 29
J2a
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Question 2 continued

~perp-distance = - P \

- ___5' 2q xf-q

hxr‘\
24029 | f3q

(b) if ( I) is perpendicular to then ’ckeﬂdo{: product between
-\

3) and the two direction vectors would have to be equal to0 O

(—la) (9 Z-c;(z)+ I(-3) +1(5) (Z:g,) .(ﬂ)_;‘l(,().;}..s)(,,)
=0

is perpendicular to

(c)using formula for acute angles betueen 2planes : (osQ =

Lusing fact that is perpendicular -from (b) -
it must be the

3).
cosd = 1ok " ] B 4 \
JGPHCyaa)
<) cosg = LN +EWNEN20) . 0 _ 1,
T I 281 " 3 « 3
L L B T
3M2q 2‘]

taking cos™ of each side

=) © =cos”! (‘J-%T-qﬂ)
=51.983938..
=52°(2sf)

(Total for Question 2 is 8 marks)

Pearson Edexcel Level 3 Advanced GCE in Further Mathematics
Sample Assessment Materials - Issue 1 - July 2017 © Pearson Education Limited 2017



Year 1 Matrices - finding the inverse of a matrix;
Year 1 Proof by induction - matrices proof

3. ()

M=|1 -1 -1
-1 2 -1
where a is a constant.

(a) For which values of a does the matrix M have an inverse?

Given that M is non-singular,

(b) find M in terms of a

(i1) Prove by induction that for all positive integers n,
3 0Y 3" 0
6 1) (33 -1 1

(i)(a) remembering that for M to have an inverse it has to be non-sinqular
(det(m) %0)

det(m)=2 ','_ :|'|-u|_', :l‘ +q,_'| -z‘

2 (3)-a(-2)+40)
6+2a+Yy
20410 x0

=) 2a '-'F-IQ
<2 =2
axy

" o

(b) step I: find det (M)
=2a+l0
step 2: find the matrix of MINORS—call it A-matrix uhere elements are

replaced by the determinant of the 2x2 matrix left after all elements
corresponding to the elements are removed

3 -2 |
A= (-a-s 2 Y+a )
Y-a -6 -2-a
step 3-find the matrix of COFACTORS -call it C -chanqe the sign of the elements
Uith the -ve
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a bec /3 |
d e {) <) C—( 2 )
qg h Y-a -2-a

Step 4:CT (. keep the main diagonal and suitch the positions of the

k\'gl\lial\ted,
@ bl . 3 2
d @ 'F [-e (M% yA -H-a.)
9 h Y-a. 6 -2-a

_ [ 3 Y-a
S ( N >
| ’ "2-a

step S: M= d_e-{(l‘l)c'
- 3 a8 b-a
M-\ = 4
2a+10 (7— 2 6 )
| -Y-a -2-a
(ii)to prove by induction means have to prove a conjecture istrue forall neN
Step | base case :prove true {or nz|

D) =(20) " D=0

LHS = RHS ~true for n=|

Step 2:assumption case : aSsume true for n=k
(3 0)“___ 3% o
¢ | (3(5"-:) |)
Step 3:induction Step : prove true for nzk+l
3 0)"*'._. 3 0 k(s 0)
( 6 | (6 I) 6 |
Sub in assumption step
- (3 0\[3 0)
3(3%1) | /L6 |
moatrix multiplication :

Repeat (see colours to indicate)



s A

Question 3 continued

[ 3o\ (3 oy ([ @4T0\(3 0

S——

% [ {3(3) 1 /\e 1/ \&(3“-D (/\e 1 |

* O\& O} [ 3 0)/3 0O

=z —Hsts'-i) e ) auen e 9/

£

E ~[3“(3)+0(6) 3k (0)+ O(1)

z 3(3%-1)(3) + [(6) 3(ak-1)(0) + (1) (1)

Q L pwi ires further manipulation’to equate to the aim

using index laus: multiply inside of bracket by one Of the threes and
a™ xa =™ pactorise the other 3out

_yak(2)=2 ' =3(3%3k—|x3 +2)
134(3)=3 use index laws - " x o™ =o'

-2(2 | +| \
=3(3%H-34+2) = 22" H)

/3k+| 0\ ~
e )

~true for n=|

step 't :conclusion s{ep :since true for n= l if true for n=k and {rue for nzk+l
then true forall ke

(Total for Question 3 is 12 marks)

J
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Year 2 Complex numbers - converting high trig powers into multi-angle trig functions

4. A complex number z has modulus 1 and argument 6.

(a) Show that

1
z" + — = 2cosnb, nelt
-z

(b) Hence, show that

1
cos*l = g(cos 40 + 4cos26 + 3)

(¢) evaluate LHS using mod-arq form : 2=¢0SO +isin®
~-using DMT :
2" (using OMT) =cosnO +isinno
AND 2 " =cos(-nJ@ +isin(-n)O

Y using
sin-odd fuaction =) sin(-0) =-sind

=) 2= -sinnd

subbing into LH5

Z"+;';\,= + (5O + -iS)'Nf{

2cosn©O = RHS

(b)now questioa (s asking usto express hiqhtrig powers into multi-angle form -
first revriting HS using standard 2'+ 32" formulae raised to the pouer |
of 4

(z+27) = (2c056)q

= 16¢0s"0
and eval LHS using
Pl |aup433(27) 6 () + 42(2) £ 127Y)
|llz\| evaluate index laws
IS NI T T ST .
factorise the ‘common pouers
l6coste = (29427) + U(z2+22) 46
and using 2+ 37N = 2¢05n0 from part (0)
=) 16c0540 = 2cos 4O +8c0520 46
“¥ @ o510 = 0540 + o520 +-'32
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Question 4 continued
=9 -3
C0s"6 = 5 (cos40 + Hcos 20+ 3)

(Total for Question 4 is 7 marks)
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Year 2 Further calculus- integrating hyperbolic functions; Year 2 Further
Calculus finding terms of Maclaurin series

y = sinx sinhx

4

d’y
(a) Show that ) = —4y

(b) Hence find the first three non-zero terms of the Maclaurin series for y, giving each
coefficient in its simplest form.

(c) Find an expression for the nth non-zero term of the Maclaurin series for y.

Ca)ue're asked to evaluate a higher derivative of a. product of tWO expressions
Lincluding a hyperbolic)-know we're qoing to have o use product ruie

=$(nXsinhx
differentiate using product rule - use ficinhx-- coshx

dy - cosxsinhx +sinxcosShx
s

differentiote again - product rule -use % Jr-cos\ut =sinhx

ﬂ =- siax.}v;-(hx + 05X c0Shx +siv\)e<(nhx +065XC0Shic
Ax?
= 2co0sxcoShx

differentiote aqain-product rule

A¥y _2cosxsinhyt = 2sinxcoshx
da¢?
differentiate a final time _
dty - lco}ﬁ(oskx - 2sinxsinhx -ZSi.nJ(SEth(-').;osﬁskx

dxM ' :
= - bsinXxsinhx

but ansueris (a terms of '1“50 have to LINK Yth derivative back to '3‘

(b) recogm’s{ng the Maclaurin series for a function as an infinilelj long
polynomial uhere the (OEFFICIENTS of the power of ‘x' and (ts derivatives are
all evaluated as 2ero

--from jormula g={(0) +£(0) x4 g(_))xz " %({‘”(0\

booklet *
evaluate higher derivatives from at 0
(et {(X):SfﬂXSfﬂh)C f(O\ =0
Pearson Edexcel Level 3 Advanced GCE in Further Mathematics
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£4(x) = 5inX LOSh) +sinhx 05X £2(0) <0

f“()()f' 2(05)((05‘\,& -f-“(O\ = 2
{\\\(.x) < ZCOSXSinhx-ZSini(oskx . fm(O) -0

because ye need

: : : -keep differentiating the Uth derivative
to avoid using long notation all the time

ARESRELTAEY £5%0) =-4(o1 =0
£ =4 (%) £ &0y = -4(2) ==
WAY | - [onq Way-rest of derivatives WAY 2:notice PATTERN
fm(x) = -4 " (x) F0) = -4 (0)=0 see :e;ond :erivtuv: =2 | then
.I'_(%) (.x) = -q{(‘-l\(x) _F(Q\(o) =0 sixt erivative
() (5] al n{(:uwm" uersrl‘:\*mf‘f)u SQ::\A:M.O.
s- - ( fvat iy
FM0 =447 (0= 0 AL R ik
{'(m(x) = —l\{“‘(x) §U%(0) = 32 it'd heve tobe tenth derivative
x-H(

=) {-‘m(x): 32

-
S

- — B Com—

Subbing into formula book Mucla:rin—sérieé
flx) = Z 2 _16 _xm
Z' 6' Iol

6
=)|flx)=x?-xé , x!

90 113,400

(O) notice that dy _
dx?
d'y
dx
d'le
T;:o

$or ‘ath non 2ero term'- check

2)_2_$ 10 Tarithmetic sequent ¢ ~nthierm is

-4 +Y 44 n-2
Yn-2
so far, have XC
(Yn-2)!1
NOW- check

x-4 H A forms a geome{r.c seq,uence_ -nth term from
-8,32 Upzar®™ =) 2(-y)""



Question 5 continued

hence combining the two for

= 204" """
(Qn-l)!

(Total for Question 5 is 10 marks)
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Year 1 Complex numbers - complex loci; finding regions

6. (a) (i) Show on an Argand diagram the locus of points given by the values of z satisfying

|z—4-3i|]=5

Taking the initial line as the positive real axis with the pole at the origin and given that

4
0 € [a, a + 7], where o« = —arctan (E) ,
(i1) show that this locus of points can be represented by the polar curve with equation

r=8cosf + 6sind
—

The set of points A4 is defined by
A:{z:Ogargzé%}m{z:|z—4—3i|§5}

(b) (1) Show, by shading on your Argand diagram, the set of points A.

(11) Find the exact area of the region defined by 4, giving your answer in simplest form.

(a)li) because the given locus is in the form |2-(a+bi)|=r which usually
represents circle centre j radius ¢
:-given locus musl represent ciccle centre 'radms §-
to Skelch this inexam see if it passes {hrough the otiqin
..using Caresian equtn for circle (qeneral (x-a)®+(y-b)*=r?
(x= ) e(y-) =25
sub (n (0,0)
(0-4)%(0-3)*=25

6+9=25 V/
-'-ihrouah origin

M im(2)

I

J"\/ — @e(z)

(b) now the question (s basically asking us to Convert the (artesian equation
of the circle into POLAR FORM -using (ariesian equin from (a):
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(x-4)'+(y-3)* =25
Sub in POLAR OFN of (x,4) -1 (rc0s0,rsin6)
(reoso-4)? +(rsin0-3)2= 25
expand bratkets
r2c0s%0 -8rcosO +16 +risin?®-6rsind + 9 =25
collect similar terms
 2(cos?0 +5in?0) -8rcosO-6rsind =0
., Ve g
uging ientity: Sin'e +¢0520 =|
rt-8rcos50+6rsinb
<r =
=) r=8c0s50+6sin0O

(b)(i) recognising that the first loci (s in the form arg(2-(e+ Bi)) =6 which
repeesents a half line. that extends from BUT NOT INCLUDING the point (x,8)
and makin g angle © yith a line paraliel to the real axis

Lhere a half line from the ORICIN-between Oand 73
T‘M‘i,

| ™

(it) WAY |:using polar area inteq raton :
to find A ue Could integrate the polar curve version of the circle from ("/3)0)—
using formula for polar integration.

éf“ﬂde

K
.
';Z ‘{05 (8cos0 + 65in0)* a0
expdnd inside bracket

1 ﬂl's .
2 f o (64050 + 96 5inBcosO +36sin*0)dO
but know Can't really inteqrate trig powers-reurt ting using cos double
angle — 00 = 5 + £ 0520
sint@= L -1 0520
"IS 2 2

- | ;
=L (64( %+ 0526)+96sinBcosd+36(% - Lcos26) db



using sin double angle
= Lf”"’(gz +32¢0520 + 48(25in6c0sO) +18 -18cos 26) db
2ip
=4 {”'3 (SO+14cos20+ 48 sin20)d b
Zeo ' =L sink @ y [sinkO =-L cosk6
integrate using [cosk6 de = % Snk0 I ! k
- 3 [50 t 35in20 - 24cos20]

:_7':‘{
4{(% o) -

2
= —‘-2(5-'—‘;—"11355::36)

=150, 3648
2 g

NAY 2:GEOMETRIC approach

A @ ©
€q. A= + triangle + triangle
0l o A

— first,
an _
angle ACB = 3 ) - _;_(S'l)('%') = 25n

—next, triangle: first need & where ciccle intersects Re(2) AXIS (y=0)
(x-u)*¢ (0-3)2=25
expand brackets
x2-8x+1649 =25

=) x¥-8x =0
$actorise ‘x'out

x (x-8)=0
=) X=0 or x=8

:-areaof _ 1o -
triangle Zl8) '

-{inall,‘ area of triangle OAC - need £0OCA -(oS rule

2n- -cos"( sles’ -81)
2x8x%

=)ared OAC = -'2-(5')15.”‘ ( ‘% -cos"('-z—'r))
= %sin(%*“’s-' '%—)



Question 6 continued

= %(Sin(‘% ) Cos(cos“(— .}‘.r)) - C0$ ‘%‘ sfn((os"(";;',-)))

Xy 3
—{( %_g'l'-zl- |—(%‘_)1):?ﬁ+6

=y 124t 4g
L‘.

o ?._ﬁf 2?1-'8

(Total for Question 6 is 13 marks)
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Year 2 Modelling with differential equations - solving and evaluating second
order coupled differential equations

7. At the start of the year 2000, a survey began of the number of foxes and rabbits on an
island.

At time ¢ years after the survey began, the number of foxes, f, and the number of rabbits, 7,
on the island are modelled by the differential equations

df
— =02f+0.1
7 0.2 f+0.1r
d
L 02f+04r — ()
dt
d’f df
— — 4+ =
(a) Show that T 0.6 m 0.1/=0

(b) Find a general solution for the number of foxes on the island at time ¢ years.

(c) Hence find a general solution for the number of rabbits on the island at time ¢ years.

e ———

At the start of the year 2000 there were 6 foxes and 20 rabbits on the island.
— N
(d) (1) According to this model, in which year are the rabbits predicted to die out?

(i1)) According to this model, how many foxes will be on the island when the rabbits
die out?

(ii1)) Use your answers to parts (i) and (ii) to comment on the model.

(o) see how the ‘show that' is in terms of -uant to eliminate

rabbits,r
rearrange O for ‘rabbits’
O-lr= if 0.2f
%10 %10
£ [rE10df_af
at
di({e(entm{e
=\ dl‘ -
dt 0%,-2
and sub into ©
to :f‘ -2 =-0.2f +O.4( o4t _zf)
=) 10 4" -7 =-0. df -
b 2--0.2f( + '-I_;{- 0.8f
Pearson Edexcel Level 3 Advanced GCE in Further Mathematics
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Question 7 continued

collect Like ’{‘ and its derivatives and take to LHS

-_—|O = |0
4 “og af
af? = +0.1§:=0

(b) asking us 0 solve 200€ in park(a)

AE mi-06mit]=0
solve usl'ng

m=0.6+J0.6)*Y4(0.1)
2
=) m=0.3+0.1¢

4 t40 complex robts means have to use the corresponding
qeneml solution: x= e“"'(A(os Bt+ Bsinpt)

6.5 =e 3’t(»t\t.o'.i().ll:-ll‘Bsir\.O.lt)

(c) dif ferentiate - from part (b) - product rule

%::L =0.3¢% “(A 050. |t + BsinO. It) +0-\¢°'“(Bcoso.|i —Asino.li)

sub intd O reAeeACED( %)

r =10(0.3.¢% %(AcosO.1t +85in0.14) + 0103 (Bros 0.1t -Asind1t))

)= 3t (( 3A+B) cos0. 1t +(3B-A)sin0.1t) - 2e°3¢ (Acos0.It
+ Bsin0.1t)

¢S r=e°'“((A+B)coso.|t+(ls—A)sino.lt\)

(4)(i) subbing initial conditions
at t:o,
= Ae®c050 + BeZsin0
=) A=6
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Question 7 continued

at £:0, r=20
e’ [(M 8)cosO +(B-A)sin0])=20
=) 648=20
=) 8= 1y
L [ =2e%3 (6050.1t +1Usin0. 1¢)
= e%3%(20¢050.1t + 8sin0.1%)

but the requires us to find the ‘4' at
uhich r=0

eo'?’t(ZOcoSO.Il +8sin0.1¢)
moking each bracket equal O

ARSIV . 0@s0 +sin0.1k =0
due to exponentia \
! properties 20¢os 0_ :ﬁso ﬁ_""o It
20=-85sin0.1+
0s0. 1t
s-g -8
tano.it= -20
-3
= -20
R fo'\ ( 8 )
~ =-L9.., Lag..
: -) 19.5.. (l-)O)
1:5
~the ¢ 2000+ |9.5...
=)2019
(ii) evaluate uhen

= e“( )(6cos(o.| x ) + \usin (0.)¢ )

(iii) model predicts large no. of on Sland - but once rabbits (its PREY)
ine model may not be suitable
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Question 7 continued

(Total for Question 7 is 17 marks)

TOTAL FOR PAPER IS 75 MARKS
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